Let M be a closed even n-manifold of positive sectional curvature on which a torus T k acts isometrically. We show that if k ≥ 
Introduction
In the early 1930's, Hopf posed the question whether a closed even-dimensional 27 manifold of positive sectional curvature must have a positive Euler characteristic [2, 23] , which is often referred as the Hopf conjecture. By the classical Synge theorem 29 [21] , the Hopf conjecture is true in dimensions 2 and 4.
In 1944, Chern [4] obtained the first intrinsic proof for the Gauss-Bonnet for-31 mula: for a closed even n-dimensional manifold M , its Euler characteristic is equal to the integral on M of a function from the curvature tensor (called the Gauss-
33
Bonnet integrand). After this, many attempts were made to prove the stronger algebraic Hopf conjecture: Positive sectional curvature implies the positivity of the
35
Gauss-Bonnet integrand. In 1976, Georch ended this hope by showing that the strong algebraic Hopf conjecture is false in every dimension n ≥ 6 [8] .
37
cf. [5-7, 12, 13, 19] . He also classified the cohomology rings for the closed n-manifolds (n ≥ 6000) on which T k acts isometrically with k ≥ with prime p large (cf. [6] ). We have the following answer. Note that a priori, the last equation in Theorem B may not hold for an arbitrary 37 prime p (see (1.1.2)).
We now give an outline of the proof of Theorem A.
39
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We proceed by induction on n = dim(M we show that there is an invariant totally geodesic submanifold N ⊂ F such that dim(N ) − dim(F ) ≤ 6 (Proposition 3.4). In our circumstance, using the above 7 Wilking's connectedness theorem (see Theorem 1.4) we show that the inclusion F → N is at least (dim(N ) − 6)-connected. It turns out that in our circumstance, this   9 connectedness is all that is required to prove the positivity of the Euler characteristic of F (see Lemmas 2.3 and 2.4). Note that to complete the above inductive argument,
11
we first prove the case n ≤ 20 (see Lemma 3.5). The rest of this paper is organized as follows: in Sec. 1, we present a background 13 and results that will be used in the rest of the paper. In Sec. 2, we establish some relations between the high connectedness of a closed embedded submanifold of a 
Preliminaries
In this section, we will present the results that will be used in the rest of paper.
19
Let G denote a compact Lie group. Consider an effective isometric G-action on M . Then each component F i of the G-fixed point set,
is a closed totally submanifold of even-codimension. If M is orientable and if G = T k 23 preserves the orientation, then F i is also orientable.
Theorem 1.1 [3]. Let a compact Lie group G act effectively on a closed mani-
Note that (1. For a proof of (1.2.2), see [20] (also [12, 18] A generalization of Corollary 1.3 is given in Lemma 1.7.
9
As seen in the introduction, the following Wilking's connectedness theorem plays an important role in this paper.
11
Theorem 1.4 [22] . Let M be a compact Riemannian manifold with positive sectional curvature. 
is a totally geodesic embedded submanifold as well and the inclusion ∪e:
is surjective for l i < n − k − l and injective for l < i n − k − l.
33
In our proof of Theorem B, we need an analog of (1. 
High Connectedness and Positive Euler Characteristic
Consider a closed embedded submanifold, N → M . The goal of this section is to We start with a consequence of the Whitehead theorem in algebraic topology.
17
Lemma 2.1. Let N be a closed submanifold of a manifold M . If the inclusion map, j: N → M, is (n − k)-connected, then the Betti numbers satisfy that
Let us first consider the following simple case. 
27
We then consider the following codimension 4 case. Proof. Without loss of the generality, we may assume that dim(N ) = n − 4 > 4 i.e. n ≥ 10. By Lemma 2.1, we have
By Lemma 1.5, we get
is an isomorphism for 3 ≤ i ≤ n−7 and a surjection for i = 2.
11
Case 1. Assume that n = 4m. n ≥ 10 implies that m ≥ 3. We will show
In any case, by (2.3.1) we conclude that χ(N ) ≥ 2 > 0. First, evaluating i = 3, 4, 5 and 6 in (2.3.2) we get
Together with the Poincaré duality, we get
By (2.1) and (2.2), the Euler characteristic of M reduces to
By (2.3.1), (2.1) and (2.2) we write
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Subtracting (2.4) from (2.3), we derive
Substituting the above into (2.4), by (2.3.1) we get the desired result,
Case 2. Assume that n = 4m + 2. We will show that
3.1) and (2.6)), in either case we conclude that
Since the proof is similar to the proof of Case 1, we will omit some details. By 9 evaluating i = 3, 4, 5 and 6 in (2.3.2), we get
(2.5)
11
Together with the Poincaré duality,
By (2.5) and (2.6), we get
By (2.3.1), we derive
(2.8)
Subtracting (2.8) from (2.9), by (2.3.1) we derive
Substituting the above into (2.8), by (2.3.1) we get the desired claim,
Finally, we discuss the codimension 6 case. First, evaluating in (2.4.2) with i = 1, 2, . . . 6, we get
(2.9)
19
By (2.9) and (2.10), we write χ(M ) as
11)
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By (2.4.1), (2.9) and (2.10), we write
Subtracting (2.12) from (2.11), we get
Substituting the above into (2.12), the desired result follows:
Case 2. Assume that n = 6m + 2. We will show that
Evaluating in (2.4.2) with i = 1, 2, . . . , 6, we get
(2.13)
By (2.13) and (2.14), we write
and
and therefore the desired result follows,
Case 3. Assume that n = 6m + 4. We will show that
By (2.15) and (2.16), we write
and together with (2.4.2) we write
Clearly,
and therefore the desired result follows, 
Proof of Theorem A
We first give consequences of Theorem 1.4 and Lemmas 2.2-2.4. Proof. By (1. 
19
In our proof of Theorem A, a key technical result is the following. 
Proof. For x ∈ F , consider the isotropy representation of T k on the normal space
Recall that when restricting to a small ball at 0, the exponential map,
Hence, there is one-to-one cor- 
We argue by contradiction; assume that dim(
is the natural projection map (or equivalently,
, a contradiction to the 11 maximality of codim(N 1 ).
After iterating the above process k-steps, we obtain a sequence of closed totally 13 geodesic submanifolds,
such that (3.4.4) The induced T kj -action on N j has a circle subgroup whose fixed point 
Consider (N
where
From the above construction, we have that dim(N k−2 ) − dim(F ) = 12, and there is a circle subgroup T
, it is clear that there is a circle subgroupT
Note that Lemmas 3.1-3.3 and Proposition 3.4 are sufficient to prove a slightly 31 weak version of Theorem A i.e. k ≥ n 8 . To get the slightly stronger result, we need the following lemma.
33
Lemma 3.5. Theorem A is true for n ≤ 20.
Proof. Observe that n = 10 and n = 20 are the largest dimensions that requires 35 k = 1 and k = 2 respectively. Hence, it is enough to check Lemma 3.5 for the two extremal cases. Let F denote a component of F (T k , M).
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Assume that n = 10 and k = 1. By Lemma 3.1, we may assume that dim(F ) = 6. Assume that there is a circle subgroup, T We will proceed by induction on n. By Lemma 3.5, we may assume that n > 20 and thus k ≥ 3. Let F denote a T k -fixed point component (see Theorem 1.2).
31
Without loss of the generality, we may assume that dim(F ) ≥ 6. If there is some circle subgroup, T 1 ⊂ T k , such that the T 1 -fixed point compo- any T 1 -fixed point component other than F has dimension ≤4. By now, we can
